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Abstract
Let k = Q(√−2379 ) and knr,2 be the maximal unramified 2-extension of k. To show that knr,2/k is
finite, Michael Bush gave 8 possible presentations of finite groups for G = Gal(knr,2/k). However, his
methods did not further isolate G. We eliminate 4 of the possibilities, and explain how to isolate G, al-
though carrying out the latter strategy is beyond current technological capabilities. We also discuss related
examples.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
Let S be a finite set of primes (finite or infinite) of a number field k and let kS denote the
maximal 2-extension of k unramified outside S. Nigel Boston and C.R. Leedham-Green [4] in-
troduced a method that computes presentations for Gal(kS/k) in certain cases.
Let p be a prime and consider the maximal unramified abelian p-extension k1 of k, called the
Hilbert p-class field of k. Let k2 denote the Hilbert p-class field of k1. Continuing, we obtain
the Hilbert p-class field tower of k:
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236 A. Steurer / Journal of Number Theory 125 (2007) 235–246Michael Bush [5] applied Boston and Leedham-Green’s method to the imaginary quadratic
fields k = Q(√−2379 ), k = Q(√−445 ), k = Q(√−1015 ), and k = Q(√−1595 ) to compute
G = Gal(knr,2/k) in each example. In the case where k = Q(√−2379 ), Bush’s method pro-
duced 8 presentations as possibilities for G. When applied to each of the last 3 fields, the method
gave 2 possibilities for G. However, his method could not determine G in any example.
Hajir [6] showed that if k is imaginary quadratic such that Cl2(k) contains the subgroup C4 ×
C4 ×C4, then [knr,2 : k] is infinite. Stark noted that the field k = Q(
√−2379 ) has 2-class group
C4 ×C4, and is the first such imaginary quadratic field. He also noted that k has root discriminant
≈ 48.8, so it would be interesting to see if k has an infinite 2-class tower. For if it did, then 48.8
would be an upper bound on the asymptotic lower bounds for the root discriminant of a totally
complex field. However, Bush showed that k has a finite 2-class tower of length 2. Specifically,
his method produced presentations for 8 distinct groups of order 211 as the possibilities for G.
Benjamin, Lemmermeyer, and Snyder [2] showed that each of the fields Q(√−445 ),
Q(
√−1015 ) and Q(√−1595 ) has finite 2-class towers assuming GRH. Bush’s method gen-
erates 2 finite groups as possibilities for G in each case, and thus proves unconditionally that
each has a finite 2-class tower. Additionally, the method revealed that each field has a finite
2-class tower of length 3. These fields are the first such known imaginary quadratics.
Section 2 of this paper reviews the p-group generation algorithm and Bush’s method. In Sec-
tion 3, we take k = Q(√−2379 ) and illustrate a method which explicitly identifies G as one
of four of the original eight possibilities. We explain how, with more computations than are
currently feasible, to use this method to isolate G among the remaining four possibilities. In
Sections 4 and 5, we observe similarities among the candidates for G where k = Q(√−445 ),
k = Q(√−1015 ), and k = Q(√−1595 ). We use these patterns to describe in Section 6 a fam-
ily of group extensions with certain subgroup and quotient group properties. In doing so, we
show that for k = Q(√−1015 ) and k = Q(√−1595 ), the possibilities for G have isomorphic
subgroup lattices such that corresponding proper subgroups and proper quotients are isomorphic.
To study properties of the above groups and compute Hilbert 2-class fields, we used the
software package MAGMA version 2.11 [3]. We used the number theory package PARI GP
version 2.1.4 [1] to generate 2-class groups and compute Galois actions on these groups.
2. Background
2.1. The p-group generation algorithm
Let G be a pro-p group. We define the lower exponent-p central series of G as follows. Let
P0(G) = G and for i  0, let Pi+1(G) = Pi(G)p[G,Pi(G)], the closed subgroup generated by
the pth powers of elements of Pi(G) and commutators of elements of G and Pi(G). Hence, we
have a series of closed subgroups of G,
G = P0(G) P1(G) P2(G) · · · Pi(G) · · · .
The smallest integer c such that Pc(G) is trivial is called the p-class of G.
Suppose G has p-class c. A descendant of G is a group H such that H/Pc(G) ∼= G. An
immediate descendant of G is a descendant of G having p-class c + 1. It is easy to show that
G/Pi(G) has p-class i and G/Pi+1(G) is an immediate descendant of G/Pi(G).
In the case that G/Pi(G) is a finite group, the p-group generation algorithm [8] computes
presentations of all immediate descendants of G/Pi(G) for i  0. O’Brien’s explanation in [8]
shows that a finite p-group has finitely many immediate descendants and that every immediate
A. Steurer / Journal of Number Theory 125 (2007) 235–246 237descendant is a finite group. If G/P1(G) is finite and D1,D2, . . . ,Dj are its immediate descen-
dants, then for some 1 j0  j we have that Dj0 ∼= G/P2(G). We apply the p-group generation
algorithm to Dm for each m = 1, . . . , j to obtain a finite list of presentations, one of which must
define G/P3(G). By iterating the algorithm, we obtain a list of presentations containing those of
G/P1(G),G/P2(G), . . . ,G/Pi(G), . . . .
Suppose G is finite of order pn. In [7], Newman showed that the presentation of G given
by the p-group generation algorithm is unique. O’Brien [9] calls this presentation the standard
presentation of G. Therefore, given finite p-groups G and H , their standard presentations are
identical if and only if G ∼= H .
The standard presentation of G is given as a quotient of the free group F(n) on n generators
x1, . . . , xn. The relations are words in pth powers and commutators of x1, . . . , xn. Whenever a
pth power or commutator is trivial, this relation is not explicitly listed in the set of relations. For
example, the standard presentation of the dihedral group D4 of order 8 is
〈
x1, x2, x3
∣∣ [x2, x1] = x3
〉
.
Thus, the images of x1, x2, and x3 in D4 have order 2. Also, the images of [x3, x1] and [x3, x2]
are trivial.
2.2. Bush’s results
Proposition 1. Let F be an unramified 2-extension of k and L be an unramified 2-extension
of F . Then L ⊆ knr,2. In particular, F ⊆ F 1 ⊆ knr,2 and Gal(F 1/F ) ∼= H/H ′ ∼= Cl2(F ), where
H = Gal(knr,2/F ), H ′ is the commutator subgroup of H , and Cl2(F ) is the 2-class group of F .
Proof. This is a straightforward application of class field theory. 
Let k denote one of the fields Q(
√−2379 ), Q(√−445 ), Q(√−1015 ), or Q(√−1595 ) and
G = Gal(knr,2/k). Note that G/Pi(G) is finite for all i  0. Bush’s method uses the p-group
generation algorithm, KASH, and MAGMA to compute the quotient group G/Pi(G) for each
i  0.
It is easy to see that G/P1(G) is the maximal elementary abelian quotient of G, so Bush
can determine G/P1(G) by computing Cl2(k). Computations enable him to identify the fixed
field F of P1(G). He then identifies the unramified quadratic extensions F1,F2,F3 of k. These
are subfields of F .
Next, he computes the immediate descendants D1, . . . ,Dj of G/P1(G). By the above discus-
sion, there is some 1 j0  j such that G/P2(G) ∼= Dj0 , and the method’s goal is to find Dj0 .
Fix m ∈ {1, . . . , j}. If either Dm/D′m is not a quotient of Cl2(k) or an index 2 subgroup of Dm is
not a quotient of either of Cl2(F1), Cl2(F2), or Cl2(F3), then Dm is removed from consideration.
This follows from Proposition 1. By storing the remaining immediate descendants, Bush obtains
a finite list of groups, one of which must be G/P2(G).
Iteration of this procedure produces a collection containing the standard presentations of
G/P1(G),G/P2(G), . . . ,G/Pi(G), . . . . To further restrict the groups appearing in this collec-
tion, he computes the 2-class groups of additional subfields of knr,2 and reapplies the method. In
each of Bush’s examples, this list stops at some i. Because a finite number of groups is computed
at each step and the groups represented in each pair are finite, G is finite and is defined by one
of finitely many standard presentations known explicitly. Any possibility for G is referred to as
candidate for G. His methods do not further isolate G among the candidates.
238 A. Steurer / Journal of Number Theory 125 (2007) 235–246Fig. 1. This tree represents the generation of Gal(knr,2/k) for k = Q(√−445 ).
The results of Bush’s method for k = Q(√−445 ) are represented in Fig. 1. Vertex 1 is C2 ×
C2 ∼= G/P1(G), vertex 2 is G/P2(G), etc. Vertices 5 and 6 represent the two possibilities for G.
3. The field Q(
√−2379 )
In the case where k = Q(√−2379 ), Bush’s method generates eight candidates for G, each
having order 211. We give their standard presentations below. The sets of relations defining each
candidate are the same except for two elements. The variables r, s, t ∈ {0,1} denote the exponents
in the relations (∗) and (∗′) below. Let C1,rst denote the candidate with exponents r, s, t . The
candidate C1,rst is F(11)/Nrst where Nrst is the normal subgroup generated by the words
x21x
−1
4 , [x2, x1]x−13 ,
x22x
−1
5 , [x3, x1]x−16 ,
x23(x6x8x9x10)





















11 , [x6, x1]x−19 ,
[x5, x4](x10x11)−1, [x8, x2](x10x11)−1,
[x8, x1]x−110 , [x9, x1]x−111 .
The above gives the standard presentations for each candidate. As indicated in Section 2, if
the second power of a generator does not appear above, then it is trivial and similarly for the
commutators of two generators.
Theorem 1. G is one of the four groups C1,000,C1,100,C1,011, and C1,111.
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tension of N by M . Recall that if M is abelian, then N acts on M via conjugation. The second
cohomology group H 2(N,M) is in 1–1 correspondence with the set of equivalence classes of ex-
tensions giving rise to the action of N on M . MAGMA can compute H 2(N,M) and the standard
presentations for all extension groups.
Our goal is to show that G is one of C1,000,C1,100,C1,011, and C1,111. The first step uses
MAGMA to show that G contains a unique abelian subgroup H of index 8. Let L denote the
fixed field of H . The second step is to compute the action of Gal(L/k) on Cl2(L). Let E be the
set of extension groups giving rise to the action of Gal(L/k) on Cl2(L). The third step of our
method is to compute the standard presentations of the groups in E . This will show that G is one
of C1,000,C1,100,C1,011, and C1,111.
We now carry out our strategy. Let C denote one of the candidates. Computations in MAGMA
show that there is a unique abelian subgroup H of index 8 in C. (There are many abelian sub-
groups of smaller order.) We find that H ∼= C2 ×C8 ×C16 and C/H ∼= D4, the dihedral group of
order 8. Since C is an arbitrary candidate, we have that G is an extension of D4 by C2 ×C8 ×C16.
It follows from Proposition 1 that the fixed field L of C2 × C8 × C16 is such that L1 = knr,2.
The second step of our strategy is to find a generating polynomial over Q for L. We first
identify a subfield E of L with [L : E] = 2. MAGMA shows that there is a unique subgroup M
of index 4 in G with abelianization C4 × C4 × C8. Also, Gal(knr,2/L) ⊂ M . Using PARI, we
verify that E = Q(√−3,√13,√61 ) is an unramified 2-extension of k such that Cl2(E) ∼= C4 ×
C4 ×C8. By Proposition 1 and the uniqueness of C4 ×C4 ×C8, we have that E is the fixed field
of M . Also, L is a quadratic extension of E that is contained in E1.
By computing class fields in MAGMA, we obtain a generating polynomial pm of Fm over Q
for m = 1, . . . ,7, where F1, . . . ,F7 are the quadratic subextensions of E1/E. Using PARI, we
compute Cl2(Fm) for each m = 1, . . . ,7. If this group is C2 ×C8 ×C16, then pm generates L by
the uniqueness of H . The field generated by
p2(x) = x16 + 338x14 + 105 445x12 + 2 973 386x10 + 77 308 156x8
+ 2 973 386x6 + 105 445x4 + 338x2 + 1
has 2-class group C2 × C8 × C16.
Recall that Gal(L/k) ∼= D4. We compute in PARI generators σ and τ of Gal(L/k). We find
that there are ideal classes [I ], [J ], and [K] of L of orders 2, 8, and 16, respectively, such that
Cl2(L) ∼= 〈[I ]〉 × 〈[J ]〉 × 〈[K]〉, and
σ
([I ]) = [I ][J ]4,
σ
([J ]) = [J ]3[K]4,
σ
([K]) = [J ]6[K]7,
τ
([I ]) = [I ][J ]4[K]8,
τ
([J ]) = [J ]3[K]4,
τ
([K]) = [K].
We observed above that knr,2 = L1. Let
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D4 on Gal(knr,2/L) ∼= C2 × C8 × C16.
Using MAGMA, we find that
H 2(D4,C2 × C8 × C16) ∼= C2 × C2 × C2.
Comparing the standard presentations of the extension groups shows that E in fact consists of
eight distinct groups. We find that four of the groups are C1,000,C1,100,C1,011, and C1,111, and
that the remaining four are not candidates. This completes the proof of Theorem 1. 
Is it possible to identify G? Let C be one of the four remaining candidates. Computations
in MAGMA show that C contains exactly two subgroups K1 and K2 of index 16 such that
Kj ∼= C8 × C16 and C/Kj ∼= Q for j = 1,2, where Q is the quotient of F(4) by the normal










Also, Ki < H for k = 1,2, where H ∼= C8 × C16 is the subgroup in C corresponding to
Gal(knr,2/L). When we compute the action of conjugation of C/Kj on Kj , the second coho-
mology group, and the set EC,j of standard presentations of the corresponding extension groups
for j = 1,2, we find that C is the unique candidate in EC,j .
Since C above was arbitrary and G is one of these candidates, the previous paragraph im-
plies that there are exactly 2 subfields F1 and F2 of knr,2 such that F 1j = knr,2, [Fj : L] = 2,
Gal(knr,2/Fj ) ∼= C8 × C16, and Gal(Fj /k) ∼= Q for j = 1,2. The set of extension groups cor-
responding to the action of Q ∼= Gal(Fj /k) on C8 × C16 ∼= Gal(knr,2/Fj ) will contain a unique
candidate C, as well as G. We therefore conclude that C ∼= G. However, because we do not know
which of the four remaining candidates is actually G, we cannot immediately identify which of
the eight actions of Q on C8 × C16 is the action of Gal(Fj /k) on Gal(knr,2/Fj ) for j = 1,2.
Fix j ∈ {1,2}. To identify the action of Gal(Fj /k) on Gal(knr,2/Fj ), we would begin by
computing the generating polynomials p1, . . . , p7 of the seven unramified quadratic extensions
F1, . . . ,F7, respectively, of L. At this point, we would not know which polynomial generates Fj .
However, the above shows that there are l1, l2 ∈ {1, . . . ,7} such that Cl2(Flm) ∼= C8 × C16 and
Gal(Flm/k) ∼= Q for m = 1,2. To identify Fl1 and Fl2 , we would use pl to compute Gal(Fl/k)
in MAGMA and Cl2(Fl) in PARI for each l = 1, . . . ,7. If pl is such that Gal(Fl/k) ∼= Q and
Cl2(Fl) ∼= C8 × C16, then pl = plm for some m = 1,2.
After identifying pl1 and pl2 , we would compute the action of Gal(Flm/k) on Cl2(Flm) in
PARI for each m = 1,2. In MAGMA, we would compute H 2(Q,C8 × C16) and the set Elm of
extension groups, Now, F1 is one of Fl1 and Fl2 , and F2 is the remaining choice. Since the Artin
map is a Gal(F1/k)-isomorphism, one of the actions of Gal(Flm/k) on C8 × C16 ∼= Cl2(Flm),
m = 1,2, is the action of Gal(F1/k) on Gal(knr,2/F1). The other action is that of Gal(F2/k) on
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each j = 1,2. Consequently, we would conclude that C ∼= G.
There are two obstacles preventing us from carrying out this procedure. First, to obtain the
generating polynomials of F1, . . . ,F7, we need to compute Cl2(L). This computation takes one
week in MAGMA. Second, MAGMA and PARI cannot perform the class group computations
for F1, . . . ,F7 because their degree over Q (which is 32) is too large.
4. The field Q(
√−445 )
Let k denote Q(
√−445 ). Bush generates 2 candidates C2,1 and C2,2 for G = Gal(knr,2/k).
When we attempt to apply the method used in Section 3, we find that G contains a unique normal
subgroup H of index 8 such that H ∼= C2 ×C2 ×C8 and G/H ∼= D4. We find that both candidates
give rise to the same extension groups. Hence, the method applied above does not isolate G.
For what follows later, we note the action of D4 on C2 ×C2 ×C8. Let a1, a2, a3 ∈ C2 ×C2 ×
C8 be of orders 2, 2, and 8, respectively, such that
C2 × C2 × C8 ∼= 〈a1〉 × 〈a2〉 × 〈a3〉.
Let D4 be given by the presentation
〈
r, s
∣∣ r4 = 1, s2 = 1 , rsrs−1 = 1〉.
For i = 1,2, the group C2,i gives rise to the action ◦ of D4 on C2 ×C2 ×C8 (written additively)
given by
r ◦ a1 = a1 + a2 + 4a3,
r ◦ a2 = a2 + 4a3,
r ◦ a3 = a1 + a2 + a3,
s ◦ a1 = a1 + 4a3,
s ◦ a2 = a2 + 4a3,
s ◦ a3 = a1 + a2 + a3.
MAGMA computes that H 2(D4,C2 × C2 × C8) ∼= C2 × C2 × C2 and that there are 8 distinct
extension groups.
5. The fields Q(
√−1015 ) and Q(√−1595 )
Let k denote one of these fields and G = Gal(knr,2/k). The same two groups C3,1 and C3,2 are
the possibilities for G in each case. We find that G contains a unique subgroup H of index 8 such
that H ∼= C2 ×C2 ×C16 and G/H ∼= D4. Each candidate gives rise to the same set of extension
groups, so the method from Section 3 does not identify G. The action of D4 on C2 × C2 × C16
is given below.
Let S be the set of conjugacy classes of subgroups of G. Define a partial ordering  on S
by x  y for x, y ∈ S if and only if for each subgroup M ∈ x, there is some subgroup K ∈ y
such that M  K . MAGMA can compute the poset of conjugacy classes of subgroups. It uses
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of 〈idC3,m〉 for m = 1,2. If subgroup class i is such that i = {H1, . . . ,Hki }, then we write that
length(i) = ki . For example, if i denotes the subgroup class containing H , then length(i) = 1 if
and only if H G. We write index(i) = r if [G : H ] = r for H ∈ i.
For m = 1,2, let Pm denote the poset of conjugacy classes of subgroups of C3,m as output by
MAGMA. Let i denote the ith conjugacy class of C3,1 and i′ the ith conjugacy class of C3,2. We
find that #P1 = #P2 = 95 and that the map h :P1 → P2 given by h : i → i′ is an isomorphism of
posets.
MAGMA shows for each i that length(i) = length(i′). Let Lm denote the subgroup lattice
of C3,m for m = 1,2. We remark that #L1 = #L2 = 252. Let i.j denote the j th subgroup of
conjugacy class i in P1, and similarly for P2. Although the map h˜ : i.j → i′.j is not a lattice
isomorphism, we can change the definition of h˜ on just 16 subgroups to obtain a lattice isomor-
phism f :L1 → L2. For details, see [10]. Moreover, if H is a proper subgroup of C3,1, then
f is such that H ∼= f (H). If N is a proper normal subgroup of C3,1, then f (N)  C3,2 and
C3,1/N ∼= C3,2/f (N). That is, C3,1 and C3,2 have isomorphic subgroup lattices such that cor-
responding proper subgroups and proper quotients are isomorphic. This could partially explain
why it is so hard to distinguish the 2 groups.
For k = Q(√−445 ), the cardinalities of the subgroup posets differ and the cardinalities of
the subgroup lattices differ. Hence, C2,1 and C2,2 do not have isomorphic subgroup posets nor
isomorphic subgroup lattices. For k = Q(√−2379 ), we have not yet found isomorphisms of
posets and lattices among pairs of the 4 remaining candidates.
6. An interesting family of groups
We elaborate on the action of D4 on C2 × C2 × C16 resulting from C3,1 and C3,2. Let D4 be
given as in Section 4 and let a1, a2, a3 ∈ C2 × C2 × C16 be of orders 2, 2, and 16, respectively,
such that
C2 × C2 × C16 ∼= 〈a1〉 × 〈a2〉 × 〈a3〉.
The action ◦ of D4 on C2 × C2 × C16 is given by
r ◦ a1 = a1 + a2 + 8a3,
r ◦ a2 = a2 + 8a3,
r ◦ a3 = a1 + a2 + a3,
s ◦ a1 = a1 + 8a3,
s ◦ a2 = a2 + 8a3,
s ◦ a3 = a1 + a2 + a3.
Notice if we replace each 8 by a 4, we obtain the action from Section 4. Also, H 2(D4,C2 ×C2 ×
C16) ∼= C2 × C2 × C2, and there are 8 distinct extension groups.
We generalize this pattern. Let r, s ∈ D4 be as above and suppose a1, a2, a3 ∈ C2 × C2 × C2n
are of orders 2, 2, and 2n, respectively, such that
C2 × C2 × C2n ∼= 〈a1〉 × 〈a2〉 × 〈a3〉.
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r ◦ a1 = a1 + a2 + 2n−1a3,
r ◦ a2 = a2 + 2n−1a3,
r ◦ a3 = a1 + a2 + a3,
s ◦ a1 = a1 + 2n−1a3,
s ◦ a2 = a2 + 2n−1a3,
s ◦ a3 = a1 + a2 + a3.
Fix n ∈ {3, . . . ,8}. Computations show that H 2(D4,C2 × C2 × C2n) ∼= C2 × C2 × C2, so
that there are 8 inequivalent extensions. In fact, the set En of extension groups consists of 8 dis-
tinct groups. We say that a finite 2-group with maximal elementary abelian quotient of rank d
over F2 has Frattini-quotient rank d . The set En contains 4 groups En,1,E′n,1,En,2,E′n,2 that
have Frattini-quotient rank 2. The remaining 4 have Frattini-quotient rank 3. The groups in
Bush’s examples have Frattini-quotient rank 2, so we focus on En,1,E′n,1,En,2, and E′n,2.
The groups En,1,E′n,1,En,2,E′n,2 form 2 pairs such that for m = 1,2, the groups En,m and
E′n,m have isomorphic subgroup lattices. Moreover, there is an isomorphism such that corre-
sponding proper subgroups and proper quotients are isomorphic.
In their generation using the p-group generation algorithm, the pair En,1 and E′n,1 form the
tree given in Fig. 2. Vertices 8 and 9 represent C2,1 and C2,2; vertices 10 and 11 represent
C3,1 and C3,2; vertices 14 and 15 represent E5,1 and E′5,1, etc. A group represented by a vertex
at level n has 2-class n. For example, vertices 14, 15, 16, and 17 have 2-class 6. Note that
Fig. 2. This tree represents the generation of the extension groups En,1 and E′n,1 for n = 3, . . . ,8.
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class 2 quotients, and similarly for other groups that branch off the same vertex. The pair En,2
and E′n,2 form the same tree but the vertices represent different groups.
Let Mn,1,1,Mn,1,2, and Mn,1,3 denote the 3 maximal subgroups of En,1 for n = 4, . . . ,8. By
the nature of the lattice isomorphism above, these are also the maximal subgroups of E′n,1. Each
subgroup is a quotient of the free group F(n+4). Specifically, Mn,1,1 is defined by Fn+4/Nn,1,1,
where Nn,1,1 is the normal subgroup generated by the words
x21x
−1
4 , [x2, x1]x−13 ,
x22x
−1
5 , [x3, x1]x−15 ,
x24x
−1
6 , [x3, x2]x−1n+4,
x26x
−1
7 , [x4, x2]x5,
x27x
−1








The second maximal subgroup Mn,1,2 of En,1 is defined by Fn+4/Nn,1,2 where Nn,1,2 is the
normal subgroup generated by the words
x21x
−1
4 , [x2, x1]x−13 ,
x22x
−1




















The subgroup Mn,1,3 is given by Fn+4/Nn,1,3 where Nn,1,3 is the normal subgroup generated
by the words
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−1
6 , [x2, x1]x−14 ,
x22x
−1
4 , [x3, x1]x−15 ,
x23x
−1
5 , [x3, x2]x−1n+3,
x26x
−1
7 , [x4, x3]x−1n+4,
x27x
−1








We find similar presentations for the maximal subgroups of the pair En,2 and E′n,2.
We make 3 conjectures based on the above patterns.
Conjecture 1. Let the action of D4 on C2 × C2 × C2n be as above. For n  3, H 2(D4,C2 ×
C2 × C2n) ∼= C2 × C2 × C2. Four of the corresponding group extensions have Frattini-quotient
rank 2 and four have Frattini-quotient rank 3. For n  4, the Frattini-quotient rank 2 groups
form two pairs such that the groups in each pair have isomorphic posets of conjugacy classes
of subgroups and isomorphic subgroup lattices such that corresponding proper subgroups and
proper quotients are isomorphic.
Conjecture 2. Let the notation be as in Conjecture 1. Given n 6 and a Frattini-quotient rank 2
group. For m = 1,2, the generation of En,m and E′n,m can be represented by the tree (see Fig. 3).
Fig. 3.
246 A. Steurer / Journal of Number Theory 125 (2007) 235–246Conjecture 3. Let n  4 and En,1,E′n,1,En,2, and E′n,2 be as above. The maximal subgroups
of En,1, E′n,1, En,2, and E′n,2 have the standard presentations given above.
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